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Minimum-Energy Output Transitions for Linear Discrete-Time
Systems: Flexible Structure Applications

Dhanakorn Iamratanakul, Hector Perez, and Santosh Devasia
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This paper finds minimum-energy inputs to change the position of an output point, on a flexible structure, from
one value to another. Current methods transform the output-transition problem into a state-to-state transition
problem by constraining the initial and final states of the output transition, for example, to be rest (rigid-body)
configurations of the flexible structure. However, the choice of the initial and final states can be ad hoc, and the
resulting output-transition cost (input energy) might not be minimum. The contribution of this paper is the direct
solution of the optimal output-transition problem; the problem is posed and solved for general linear discrete-time
systems. The novelty of the proposed approach is that inputs are not applied just during the output-transition time
interval; rather, inputs are also applied outside the output-transition time interval, that is, before the beginning
of and after the end of the output-transition time interval. (These inputs are called pre- and postactuation.) The
implications of using pre- and postactuation are illustrated by using an example of discrete-time flexible structure
model, which consists of a flexible rod connecting two masses. Simulation results are presented, which show
substantial reduction of output-transition costs with the use of the proposed method when compared to the use of
the standard state-to-state transition approach.

I. Introduction

O PTIMAL design of maneuvers, to change the output from one
value to another, arises in many flexible structure applications

such as 1) positioning the endpoint of large-scale manipulators1−4;

Dhanakorn Iamratanakul received the B.S. degree in aerospace engineering from Kasetsart University, Thailand,
in 1999 and the M.S. degree in aerospace engineering from the University of Southern California in 2000. He is
currently in the Ph.D. program in Aeronautics and Astronautics at the University of Washington. His current
research interests include inversion-based control theory, output-transition control, optimal control theory, and
the control of complex distributed systems such as air traffic management. Student Member AIAA.

Hector Perez received the B.S. degree in electrical engineering in 1983, the M.S. degree in system engineering
in 1991 from the Universidad Nacional de Colombia, and the Ph.D. degree in mechanical engineering from the
University of Utah in 2002. He was a visiting student at the University of Washington in 2001–2002. He has
been a research professor in the electronic engineering department at the Universidad Pontificia Bolivariana,
Bucaramanga, Colombia since June 2002. His current research interests include inversion-based control theory,
high-precision positioning systems, optimal control theory, image processing applied to control systems, and the
application of the control technology in the Colombian industry. He is a member of ASME and IEEE.

Santosh Devasia received the B.S. from the Indian Institute of Technology, Kharagpur, India, in 1988, and the M.S.
and Ph.D. degrees in mechanical engineering from the University of California at Santa Barbara in 1990 and 1993,
respectively. He is an associate professor in the mechanical engineering department at the University of Washington,
Seattle (since 2000). Previously, he had taught at the mechanical engineering department, University of Utah, Salt
Lake City. His current research interests include inversion-based control theory, high-precision positioning systems
for nanotechnology and biomedical applications, and the control of complex distributed systems such as air traffic
management. Senior Member AIAA.

Received 31 October 2002; presented at the 2003 American Control Conference, Denver, CO, 4–6 June 2003; revision received 25 September 2003; accepted
for publication 7 December 2003. Copyright c© 2004 by the authors. Published by the American Institute of Aeronautics and Astronautics, Inc., with permission.
Copies of this paper may be made for personal or internal use, on condition that the copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc.,
222 Rosewood Drive, Danvers, MA 01923; include the code 0731-5090/04 $10.00 in correspondence with the CCC.

2) positioning of read/write heads of disk-drive servo systems, which
are relatively medium-scale flexible structures5,6; and 3) nanoscale
positioning and manipulation using relatively small-scale piezoac-
tuators, for example, Ref. 7. Additionally, we require that the output
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Fig. 1 Discrete-time output-transition problem: The output trajectory
has to be maintained at a constant initial value y before the beginning
of the output transition [y(k) = y, k <– ki) and at a constant final value ȳ
after the completion of the output transition [y(k) = ȳ, k >– kf ].

(position of the output point on the flexible structure) be maintained
at a constant value outside the output-transition time interval, as
shown in Fig. 1. Maintaining the output constant outside of the
transition time interval is critical to reduce the time lost to useful
operations. For example, in the disk-drive application, the goal is to
move the position of a read-write head from one track of a disk to an-
other track; read and write operations cannot be performed (before
and after the output transition) if the output position is not precisely
maintained at the desired track. This problem of achieving output
transitions is posed in the context of linear discrete-time systems.
Formally, the output-transition problem is to find inputs that trans-
fer (and maintain) the system output from an initial value [y(k) = y
for all k ≤ ki ] to a final value [y(k) = ȳ for all k ≥ k f ] within a pre-
scribed number of time steps (k f − ki ) where ki and k f denote the
initial and final transition time steps. The main contribution of this
paper is the direct solution of the optimal (minimum input-energy)
output-transition problem. The method is applied to an illustrative
flexible structure model, and simulation results are presented.

As opposed to the problem of changing the output point on a
flexible structure, the problem of changing the complete config-
uration (i.e., the state) of a flexible structure has been well stud-
ied in literature, for example, Refs. 1–5, 8–10. These techniques,
which solve the state-to-state transition problem (referred to as the
state-transition problem), can also be used to find a solution to the
output-transition problem. In particular, output transitions without
residual vibrations can be obtained by requiring that the flexible
system maneuver between equilibrium configurations (rigid-body
rest configurations). (These rest states, x and x̄ , are chosen to result
in the initial and final output values, y and ȳ, respectively.) Once the
boundary states, at the beginning and end of the output transition,
are chosen to be the rest states (i.e., [x(ki ) = x , x(k f ) = x̄]), a so-
lution to the output-transition problem can be found by solving the
standard, minimum-energy, state-transition problem from the initial
state [x(ki )] to the final state [x(k f )]; this is referred to as the rest-
to-rest state-transition approach (Refs. 3, 4, and 8). However, the
solution found with this choice of the rest-to-rest boundary states
[x(ki ) = x , x(k f ) = x̄] might not lead to optimal (minimum input
energy) output transition. On the other hand, arbitrary choices of the
boundary states [x(ki ), x(k f )] are also not acceptable; they might
not allow the output to be maintained at a constant value after the
completion of the output transition (i.e., without residual vibrations)
for any choice of bounded inputs. Therefore, the standard optimal
state-to-state transition approach cannot be used to directly solve
the optimal output-transition problem.

The output-transition problem was previously addressed in
Ref. 11, in which an inversion-based technique was used to plan
an output transition along a prescribed output trajectory. However,
the approach in Ref. 11 requires the user to specify (a priori) the
set of acceptable output trajectories during the output transition (us-
ing polynomials); it is unclear how to choose such a set of output
trajectories such that it includes the optimal output trajectory. Sim-
ilar prespecification of a desired output trajectory is also needed
in Ref. 12, which uses optimal filtering to achieve smooth transi-
tions between output-trajectory segments in industrial positioning
systems. In contrast, we do not require the prespecification of the
output trajectory; rather, the best output trajectory is obtained as the

result of the proposed optimization procedure. We do, however, use
the stable inversion approach (as in Ref. 11) to find the preactuation
(k < ki ) inputs that maintain output tracking (y = y) before initiating
the output transition and similarly to find the postactuation (k ≥ k f )
inputs to maintain the output at the final value ȳ after completing the
output transition. The inversion-based approach, used to find pre-
and postactuation inputs, is then integrated with standard optimal
control approaches during the output-transition time interval (be-
tween time steps ki and k f ) to solve the optimal output-transition
problem. Thus, this method integrates the inversion-based control
technique with the standard optimal control approach to solve the
minimum-energy output-transition problem for discrete-time sys-
tems. (This extends results in Ref. 13 for continuous-time systems.)

In general, the proposed optimal output-transition approach uses
both pre- and postactuation inputs to reduce the output-transition
cost. (It is noted that the standard state-to-state transition approach
uses neither pre- nor postactuation.) Preactuation input has to be ap-
plied to the system before the output transition is initiated; therefore,
it requires preview information of an impending output transition.
(The amount of required preview time is quantified in Ref. 14.)
However, preactuation will not be applicable if such preview in-
formation of the desired output-transition is not available. For such
cases, a modified output-transition approach is proposed that only
uses postactuation (without preactuation). The implications of us-
ing (or not using) preactuation are investigated using an example
discrete-time model of a flexible structure consisting of a flexi-
ble rod connecting two masses. The simulation results show sig-
nificant reduction of the output-transition cost with the use of the
proposed optimal output-transition method (with or without preac-
tuation) when compared to the use of the standard approach that is
based on state-to-state transition.

This paper is organized in the following format: The output-
transition problem is posed in Sec. II. Section III presents a stan-
dard, minimum-energy, state-transition solution (SST) that solves
the output-transition problem by choosing the initial and final transi-
tion states as equilibrium states. The optimal output-transition solu-
tion (OOT) is derived in Sec. IV. The application to flexible structure
examples and the discussion of simulation results are in Sec. V. Our
conclusions are in Sec. VI.

II. Problem Formulation
In the following, the flexible structure dynamics is modeled as

a linear time-invariant system. Such linear models have been used
in the past to represent dynamics of flexible structure systems. For
example, linear models were used to represent the dynamics of flex-
ible spacecraft in Refs. 1–3, to model the vibrational dynamics of
disk-drive servosystems in Refs. 5 and 6 and to model the dynamics
of flexible manipulators in Refs. 4, 7, 8, 9, 15, and 16. In partic-
ular, let the dynamics of the flexible structure be represented by a
discrete-time model in the state-space form as

{
x(k + 1) = Ax(k) + Bu(k)

y(k) = Cx(k)
, ∀k ∈ (−∞, ∞) (1)

where the system state at time step k is x(k) ∈ �n . Furthermore,
it is assumed that the system is single input u(k), single output
y(k) and controllable. Next, we consider the problem of changing
the output position from one value to another within a finite time
interval, called the output-transition time interval (i.e., the number
of time steps to achieve the transition k f − ki ). The output should
be maintained constant (at the desired value) outside the output-
transition time interval. Formally, the output-transition problem is
defined as follows.

Definition 1: The output-transition problem is to find bounded
input-state trajectories [u(·), xref(·)] that satisfy the system equations
in Eq. (1), that is,

{
xref(k + 1) = Axref(k) + Bu(k)

yref(k) = Cxref(k)
, ∀k ∈ (−∞, ∞) (2)



574 IAMRATANAKUL, PEREZ, AND DEVASIA

and the following two conditions:
1) The output-transition condition is one where the output is trans-

ferred from the initial value y to the final value ȳ within the output-
transition time interval [ki , k f ] and is maintained constant at the
desired value before and after the output transition, that is,

yref(k) = y = Cx for ∀k ≤ ki

yref(k) = ȳ = Cx̄ for ∀k ≥ k f (3)

where ki and k f denote the initial and final transition time steps,
respectively. Furthermore, x and x̄ denote the desired initial and
final equilibrium rigid-body configurations (i.e., the states x = Ax
and x̄ = Ax̄).

2) The delimiting state condition is one where the state approaches
the equilibrium states as time goes to (plus or minus) infinity, that
is,

xref(k) → x as k → −∞
and xref(k) → x̄ as k → ∞ (4)

Next, we state the optimal output-transition problem.
Definition 2: The OOT (minimum-energy) problem is to find

bounded input-state trajectories [u(·), xref(·)] that solve the output-
transition problem (definition 1) and minimize the following input-
energy cost function:

J :=
∞∑

k = −∞
[u(k)]2 (5)

III. SST Solution
The output-transition problem can be indirectly solved by con-

verting the problem into a state-transition problem. The output-
transition condition [Eq. (3)] and the delimiting state condition
[Eq. (4)] can be satisfied by constraining all of the states before and
after the output transition to be the equilibrium states. Formally, we
redefine the conditions [Eqs. (3) and (4)] for the output-transition
problem as follows:

The state-transition condition is

x(k) = x for ∀k ≤ ki

and x(k) = x̄ for ∀k ≥ k f (6)

For controllable systems, there exists an input that can achieve the
state transition from any initial state x(ki ) to any final state x(k f )
provided the following assumption is true.

Assumption 1: The length of output-transition time interval is
greater than the number of states (n) in the discrete-time system
[Eq. (1)]. �

The input to achieve the state transition [from x(ki ) to x(k f )] is
not, however, unique; a particular input can be selected using an
optimization criterion (e.g., minimum-energy criterion, as in this
paper). A state-to-state solution to the output-transition problem
(definition 1) using the minimum-energy criterion is given in the
following lemma.

Lemma 1: Let assumption 1 be true. Then, given the boundary
states ({x(ki ), x(k f )}), the minimum-energy control input that trans-
fers the system in Eq. (1) from the initial state x(ki ) to the final state
x(k f ) is given by

u∗
sst(k) := BT (AT )k f − k − 1G−1

ki ,k f
�x , ki ≤ k < k f

:= 0, otherwise (7)

where Gki ,k f is the invertible controllability grammian defined by

Gki ,k f :=
k f − 1∑
k = ki

Ak f − k − 1 B BT (AT )k f − k − 1 (8)

and �x is the transition state difference,

�x := �x [ki , x(ki ), k f , x(k f )] = x(k f ) − Ak f − ki x(ki ) (9)

Furthermore, the cost function [Eq. (5)] when using the optimal
state-transition control input [Eq. (7)] is given by

J ∗
sst = �T

x G−1
ki ,k f

�x (10)

Proof: Because we consider the transition from the state x(ki ) at
the time step ki to the state x(k f ) at the time step k f , the applied input
is zero during the pretransition (k ≤ ki ) and posttransition (k ≥ k f ).
Therefore, the cost function (5) is reduced to the input energy re-
quired during the output-transition time interval, that is,

J =
k f − 1∑
k = ki

[u(k)]2 (11)

The optimal control input u∗
sst(k) that minimizes the cost function

(11) subject to the state-transition condition (6) can be obtained
by using a standard linear-quadratic optimal control technique, for
example, see Ref. 17, pp. 47–49, and Ref. 16. The associated optimal
cost is obtained by substituting the optimal state-transition control
input to the cost function [Eq. (11)]. �

Output transition using the SST approach: A solution to the
output-transition problem (definition 1) can be found using the state-
transition approach by finding the minimum-energy input to achieve
the state transition from the initial state [x(ki ) = x] to the final transi-
tion state [x(k f ) = x̄] using Lemma 1. Note that the boundary states
{[x(ki ), x(k f )]} for the transition are equilibrium states, and so the
transition state difference (9) can be rewritten as

�x [ki , x, k f , x̄] = x̄ − Ak f − ki x = x̄ − x

The input is then found using this transition state difference
(�x = �x [ki , x, k f , x̄]) in Eq. (7). The solution to output-transition
problem achieved by using the minimum-energy state-to-state tran-
sition approach is referred to, in this paper, as the SST solution.

IV. OOT Solution
We begin by identifying the set of possible boundary states

{x(ki ), x(k f )} that allows the output to be maintained at constant
value before and after the output-transition time interval, that is,
compatible with the output-transition condition (3). This is done
in two steps. First the original system (1) is converted into the
output-tracking form (or normal form, see Ref. 18). Second, the
control inputs required before the initiation of the output transi-
tion (preactuation) and after the completion of the output transition
(postactuation) are found. Once the set of possible boundary states
{x(ki ), x(k f )} compatible with the output-transition condition (3)
is identified, the optimal boundary states are found (from this set)
and used to solve the minimum-energy output-transition problem.

A. Output-Tracking Form
The output-tracking form decouples the system states into 1) those

that directly influence the output and 2) unobservable internal states.
The output-tracking form depends on the delay order of the system,19

which is the difference between the number of poles and the number
of zeros of the discrete-time system. The delay order in discrete-time
systems is similar to the relative degree in continuous-time systems.

Remark 1: A delay order r implies that there is an r -step delay
before the output changes in response to an input applied at time
step k, that is, the input u(k) will only affect the output y at time
step k + r and after (but not the output before time step k + r ). �

Assumption 2: The discrete-time system [Eq. (1)] has a delay
order r . �
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1. Input and Coordinate Transformations
From the definition of delay order, the r -forward time-shift output

equation can be written explicitly in terms of the input as19

y(k + r) = C Ar x(k) + C Ar − 1 Bu(k) (12)

where C Ar − 1 B 
= 0. Then the unique inverse control input

uinv(k) := (1/C Ar − 1 B)[yd(k + r) − C Ar x(k)] (13)

maintains exact output tracking [i.e., y(k + r) = yd(k + r)], which
can be verified by substituting the input from Eq. (13) into
Eq. (12). Assumption 2 also implies that there exists a coordi-
nate transformation matrix, Tξη, whose first r rows are chosen as
C, C A, C A2, . . . , C Ar − 1, and the remaining n − r rows are cho-
sen such that the matrix Tξη is invertible, that is,

Tξη :=




C

C A
...

C Ar − 1

Tη


 (14)

The set {C, C A, . . . , C Ar − 1} is linearly independent; therefore,
we can always find Tη [in Eq. (14)] such that Tξη is invertible (see
Ref. 19). The transformation matrix Tξη partitions the state x(k)
into two components: 1) the first r terms are the output and its r − 1
future values (denoted by ξ ), and 2) the remaining components are
called the internal state of the system (denoted by η), that is,

Tξηx(k) =
[
ξ(k)

η(k)

]
:=




y(k)

y(k + 1)
...

y(k + r − 1)

η(k)




(15)

2. Internal Dynamics
Applying the coordinate transformation Tξη [Eq. (14)] and the

inverse control law [Eq. (13)] to the original system [Eq. (1)], we
have[

ξ(k + 1)

η(k + 1)

]
= Tξη AT −1

ξη

[
ξ(k)

η(k)

]
+ Tξη Buinv(k)

= Tξη AT −1
ξη

[
ξ(k)

η(k)

]

+ Tξη B

{
1

C Ar − 1 B
[yd(k + r) − C Ar x(k)]

}

=
(

Tξη AT −1
ξη − Tξη BC Ar T −1

ξη

C Ar − 1 B

)[
ξ(k)

η(k)

]

+ Tξη B

C Ar − 1 B
yd(k + r)

:=
[

Aξ 0

Aηξ Aη

][
ξ(k)

η(k)

]
+

[
Bξξ

Bηη

]
yd(k + r)

where the matrix Aη has dimension (n − r) × (n − r), r is the delay
order, and n is the number of the states of the system. The preceding
equations can be rewritten in the output-tracking form as

ξ(k + 1) = ξd(k + 1) (16)

η(k + 1) = Aηη(k) + [
Aηξ Bηη

]
Yd(k)

:= Aηη(k) + BηYd(k) (17)

where the output sequence

Yd(k) :=
[

ξd(k)

yd(k + r)

]

represents the vector of desired values of the output. In the preceding
notation, the variables with a subscript d denote the known (desired)
value. The last equation [Eq. (17)] is called the internal dynamics
of the system.

We will assume (without loss of generality) that the internal dy-
namics [Eq. (17)] has the following decoupled form:

η(k + 1) :=


ηs(k + 1)

ηu(k + 1)

ηc(k + 1)


 =


As 0 0

0 Au 0

0 0 Ac





ηs(k)

ηu(k)

ηc(k)




+


Bs

Bu

Bc


Yd(k) (18)

where the internal state is decoupled into strictly stable (ηs), un-
stable (ηu), and center (ηc) subspaces. In the preceding decoupled
equations, the eigenvalues of As are the minimum-phase zeros of
system (1) that are inside the unit circle in the complex plane, the
eigenvalues of Au are the nonminimum-phase zeros located outside
the unit circle, and the eigenvalues of Ac are the zeros located on the
unit circle. Furthermore, the inverse control law (13) can be rewrit-
ten in terms of the decoupled internal states and the known output
sequence Yd(k) [using the transformation Tξη in Eq. (14)] as

uinv(k) = 1

C Ar−1 B
yd(k + r) − C Ar T −1

ξη

C Ar − 1 B




ξd(k)

ηs(k)

ηu(k)

ηc(k)




:= 1

C Ar − 1 B
yd(k + r) + Uξ ξd(k)

+ Usηs(k) + Uuηu(k) + Ucηc(k)

= Usηs(k) + Uuηu(k) + Ucηc(k)

+
[

Uξ

1

C Ar − 1 B

][
ξd(k)

yd(k + r)

]

:= Usηs(k) + Uuηu(k) + Ucηc(k) + UyYd(k) (19)

Remark 2: The inverse control law [Eq. (19)] and the transfor-
mation Tξη make the internal states η(k) unobservable; therefore,
changes in the internal states will not affect the output. �

Remark 3: The inputs applied at time step ki − r and after do not
affect the output until the beginning of the output-transition time step
ki (from the delay order assumption 2 and remark 1). Therefore, the
inverse input [Eq. (19)] to maintain the output at a constant value
[y(k) = y for all k ≤ ki )] is only required before time step ki − r + 1
during the pretransition. �

B. Preactuation (k <– ki −− r)
During pretransition, the output has to be maintained at a constant

value [y(k) = y for all k ≤ ki ]. The only preactuation input that can
maintain such a constant output trajectory is the inversion-based in-
put [Eq. (19)]. Because the output trajectory during the pretransition
interval is known (equal to y), the inversion-based input [Eq. (19)] is
completely determined by the choice of internal state. In particular,
if the boundary internal state η(ki − r + 1) at time step ki − r + 1
is specified then the internal state can be obtained by solving the
internal dynamics [Eq. (18)] recursively backward in time, start-
ing at the beginning of the output transition (time step ki − r + 1).
The internal state is unobservable under the inverse control law
(Remark 2); therefore, the preactuation input computed with any
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choice of the boundary internal state η(ki − r + 1) always satisfies
the output-transition condition [Eq. (3)]. However the preactuation
input (to maintain the constant output) tends to be unbounded for
arbitrary choices of the internal state η(ki − r + 1). Thus, there is
a need to identify the set of acceptable boundary internal states
at the beginning of the output transition (time step ki − r + 1), for
which we can find bounded preactuation inputs to satisfy, both, the
output-transition condition and the delimiting-state condition.

The next lemma quantifies the set of acceptable boundary internal
states at the beginning of the output transition (time step ki − r + 1).
In particular, the lemma shows that the stable ηs and center ηc com-
ponents of the internal dynamics at the beginning of the output tran-
sition must be chosen such that they correspond to the values of the
initial equilibrium configuration x . Thus, the only flexibility in the
choice of the boundary internal states at the beginning of the output
transition is in the value of the unstable component ηu(ki − r + 1)
of the internal dynamics. Therefore, the preactuation input for the
output-transition problem can be uniquely defined in terms of the
unstable component ηu(ki − r + 1). Furthermore, the lemma shows
that the cost of using preactuation input is quadratic in the unstable,
internal-state component ηu(ki − r + 1).

Lemma 2: The preactuation input that satisfies the output-tracking
conditions [Eqs. (3), and (4) in definition 1] is uniquely specified
in terms of the choice of the unstable internal-state component
ηu(ki − r + 1) and is given by

upre(k) := Uu A−(ki − k − r + 1)
u [ηu(ki − r + 1) − η

u
]

∀k ∈ (−∞, ki − r ] (20)

where η = Tηx . Furthermore, the cost associated with this preactu-
ation input upre(k) is equal to

Jpre := [ηu(ki − r + 1) − η
u
]T Wpre[ηu(ki − r + 1) − η

u
] (21)

where

Wpre :=
∞∑

k = 0

(
AT

u

)−(k + 1)
U T

u Uu A−(k + 1)
u (22)

is a real symmetric matrix that can be computed by solving the
discrete-time algebraic Lyapunov equation

(
A−1

u

)T
Wpre A−1

u − Wpre + (
A−1

u

)T
U T

u Uu A−1
u = 0 (23)

Proof: See Appendix. �

C. Postactuation (k >– kf )
The postactuation input is obtained by using procedures similar

to that used in the preceding subsection for finding the preactuation
input. The next lemma quantifies the set of acceptable boundary
internal states at the end of the output transition (time step k f ).
In particular, the lemma shows that the unstable ηu and center ηc

components of the internal dynamics at the beginning of the output
transition must be chosen such that they correspond to the values
of the final equilibrium configuration x̄ . Thus, the only flexibility in
the choice of the boundary internal states at the end of the output
transition is in the value of the stable component ηs(k f ) of the
internal dynamics. Therefore, the postactuation input for the output-
transition problem can be uniquely defined in terms of the stable
component ηs(k f ). Furthermore, the lemma shows that the cost of
using postactuation input is quadratic in the stable, internal-state
component ηs(k f ).

Lemma 3: The postactuation input that satisfies the output-
tracking conditions [Eqs. (3) and (4) in definition 1] is uniquely
specified in terms of the choice of the stable internal-state compo-
nent ηs(k f ) and is given by

upost(k) := Us A
k − k f
s [ηs(k f ) − η̄s] ∀k ∈ [k f , ∞) (24)

where η̄ = Tη x̄ . Furthermore, the cost associated with this postactu-
ation input upost(k) is equal to

Jpost := [ηs(k f ) − η̄s]T Wpost[ηs(k f ) − η̄s] (25)

where

Wpost :=
∞∑

k = 0

(
AT

s

)k
U T

s Us Ak
s (26)

is a real symmetric matrix that can be computed by solving the
discrete-time algebraic Lyapunov equation

AT
s Wpost As − Wpost + U T

s Us = 0 (27)

Proof: The proof is similar to the proof of Lemma 2 and is, there-
fore, omitted. �

Remark 4: Lemma 2 implies that the only freedom in the state
at the initiation of output-transition x(ki − r + 1) is in the choice of
the unstable internal-state component ηu(ki − r + 1) (see proof of
Lemma 2). Similarly, Lemma 3 implies that the only freedom in the
state at the completion of output transition x(k f ) is in the choice of
the stable internal-state component ηs(k f ). Therefore, a particular
choice of these unconstrained subspaces {ηu(ki − r + 1), ηs(k f )}
completely specifies the boundary states {x(ki − r + 1), x(k f )} at
the beginning and end of the output transition. �

Definition 3: The output-transition boundary condition � is the
component of the state (in the output tracking coordinate), at the
initiation and completion of the output transition, that can be var-
ied while satisfying the conditions for the output transition (see
remark 4) and is defined as

� := [
ηT

s (k f ) ηT
u (ki − r + 1)

]T
(28)

Remark 5: In the standard state-transition solution (7), the output-
transition boundary condition � is determined by the equilib-
rium states, that is, �sst = [ηT

s (k f ) ηT
u (ki − r + 1)]T = [η̄T

s ηT
u

]T :=
�̃. �

D. Transition Interval (ki −− r < k < kf )
The choice of the output-transition boundary condition �

[Eq. (28)] specifies the preactuation and postactuation inputs (and
associated costs); however, it does not specify the input during the
output-transition time interval. The input needed during the output-
transition time interval can be optimally found by using the SST
technique (see Lemma 1) with the initial and final states chosen as

x(ki − r + 1) = T −1
ξη

[
ξ T ηT

s
ηu(ki − r + 1)T ηT

c

]T

:= [
�ξ |�ηs

∣∣�ηu

∣∣�ηc

][
ξ T ηT

s
ηu(ki − r + 1)T ηT

c

]T

x(k f ) = T −1
ξη

[
ξ̄ T ηs(k f )

T η̄T
u η̄T

c

]T
(29)

where [ξ T ηT
s

ηT
u

ηT
c

]T = Tξηx , and [ξ̄ T η̄T
s η̄T

u η̄T
c ]T = Tξη x̄ . The

associated minimum input-energy J ∗
sst(ki − r + 1, k f , �) during the

output-transition time interval can be written in terms of the bound-
ary condition � as [using Eq. (10)]

Jtran := J ∗
sst(ki − r + 1, k f , �) = �T

� Ĝ−1
ki ,k f

�� (30)

where

Ĝki ,k f =
k f − 1∑

k = ki − r + 1

Ak f − k − 1 B BT (AT )k f − k − 1

and the final state difference�� is redefined in terms of the boundary
condition � as [from Eq. (9)]

�� = �x [ki − r + 1, x(ki − r + 1), k f , x(k f )]

= x(k f ) − Ak f − ki + r − 1x(ki − r + 1)

:= H1 f̂ + H2� (31)
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where

H1 := [
�ξ |�ηu

∣∣�ηc

∣∣−�ξ |−�ηs

∣∣−�ηc

]

H2 := [
�ηs

∣∣−�ηu

]
[
�ξ |�ηs

∣∣�ηu

∣∣�ηc

]
:= Ak f − ki − r + 1T −1

ξη

f̂ := [
ξ̄ T η̄T

u η̄T
c ξ T ηT

s
ηT

c

]T

E. Optimal Output Transition
The input energy needed for output transition with a specified

output-transition boundary condition � (definition 3) can be ob-
tained by substituting the pretransition cost [Eq. (21)], the posttran-
sition cost [Eq. (25)], and the transition cost [Eq. (30)] into the input
cost [Eq. (5)] as follows:

Joot(�) =
∞∑

k = −∞
[u(k)]2 = Jpre + Jtran + Jpost

:= �T �� − 2�T b + c (32)

where

� :=
[

Wpost 0

0 Wpre

]
+ H T

2 Ĝ−1
ki ,k f

H2

b :=
[

Wpostη̄s

Wpreηu

]
− H T

2 Ĝ−1
ki ,k f

H1 f̂

c := η̄T
s Wpostη̄s + ηT

u
Wpreηu

+ f̂ T H T
1 Ĝ−1

ki ,k f
H1 f̂

Note that the input-energy needed for output transition [Eq. (32)]
is quadratic in terms of the specified output-transition boundary
condition �. The optimal value for the output-transition boundary
condition � is found in the next theorem, which solves the OOT
problem.

Theorem 1: Let assumptions 1 and 2 be true. Then, the minimum-
energy output-transition problem (definition 2) always has a solution
described in the following:

1) The optimal boundary condition � that minimizes the cost
function [Eq. (32)] is given by

�∗ =
[
η∗

s

η∗
u

]
=

{
�−1b, if � is invertible

�†b, otherwise (33)

where �† is the pseudo (generalized)-inverse of � (Ref. 20).
2) The control input for the optimal output-transition problem is

given as

u∗
oot(k) =




Uu Ak − ki + r − 1
u

[
η∗

u − η
u

]
if k ≤ ki − r

BT (AT )k f − k − 1Ĝ−1
ki ,k f

[
x∗(k f ) − Ak f − ki + r − 1x∗(ki − r + 1)

]
if ki − r < k < k f

Us A
k − k f
s

[
η∗

s − η̄s

]
if k ≥ k f (34)

where the optimal boundary states for the output transition are

x∗(ki − r + 1) = T −1
ξη




ξ

η
s

η∗
u

η
c


 , and x∗(k f ) = T −1

ξη




ξ̄

η∗
s

η̄u

η̄c




(35)

3) The optimal output-transition cost using the OOT input
[Eq. (34)] is equal to

J ∗
oot = �∗T

��∗ − 2�∗T b + c (36)

Proof: The output-transition cost function [Eq. (32)] is quadratic
in terms of the boundary condition �; therefore, the optimal value
for the boundary condition � follows from the minimization of
quadratic forms, see Theorem 1 in Ref. 13 and Theorem 4.2.1 in
Ref. 20. The optimal output-transition input follows from Lemmas 1,
2, and 3. The associated optimal cost is obtained by substituting
the optimal boundary condition �∗ into the output-transition cost
function [Eq. (32)]. �

Remark 6: The optimal cost for output-transition problem
[Eq. (36)] is always less than or equal to the optimal cost for the
state-transition problem [Eq. (10)] because the OOT input mini-
mizes the energy over all possible solutions to the output-transition
problem (definition 1), which includes the solution from the SST
approach (using � = �̃, see Remark 5). �

F. Optimal Output Transition Without Preactuation
In general, the proposed optimal output-transition approach uses

both pre- and postactuation inputs to reduce the output-transition
cost. Preactuation input has to be applied to the system before the
output transition is initiated; therefore, it requires preview informa-
tion of the impending output transition. However, the preactuation
might not be applicable if such preview information of the desired
output transition is not available (e.g., when immediate output tran-
sition is desired). For such cases, we require that the output transition
begin with the initial transition state at the equilibrium (rest) state,
that is, x(ki ) = x . Then, the optimal output-transition approach can
be constrained to only use postactuation, that is, by optimally choos-
ing the stable component of the internal dynamics at the completion
of the output transition ηs(k f ). Therefore, the output-transition cost
function [Eq. (32)] can be rewritten as

J̃ [ηs(k f )] := [ηs(k f )]
T �̃[ηs(k f )] − 2[ηs(k f )]

T b̃ + c̃ (37)

where

�̃ := Wpost + H̃ T
2 G−1

ki ,k f
H̃2, b̃ := Wpostη̄s − H̃ T

2 G−1
ki ,k f

H̃1 f̃

c̃ := η̄T
s Wpostη̄s + f̃ T H̃ T

1 G−1
ki ,k f

H̃1 f̃

f̃ := [
ξ̄ T η̄T

u η̄T
c ξ T ηT

s
ηT

u
ηT

c

]T

H̃1 := [
�ξ |�ηu

∣∣�ηc

∣∣−�̃
]
, H̃2 := �ηs , �̃ := Ak f − ki T −1

ξη

where the grammian G−1
ki ,k f

is given by Eq. (8). Next, the solution to
the OOT problem without preactuation is provided in the following
lemma.

Lemma 4: The optimal stable internal state ηs(k f ) that minimizes

the output-transition cost without preactuation [Eq. (37)] is then
given by

η̃∗
s (k f ) =

{
�̃−1b̃, if �̃ is invertible

�̃†b̃, otherwise (38)

where �̃† is the pseudo (generalized)-inverse of �̃. The optimal con-
trol input, for the output-transition problem without preactuation, is
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given by

ũ∗
oot(k) =




0 if k < ki

BT (AT )k f − k − 1G−1
ki ,k f

[x∗(k f ) − x] if ki ≤ k < k f

Us A
k − k f
s

[
η̃∗

s (k f ) − η̄s

]
if k ≥ k f

(39)
where the optimal final transition states are computed from

x̃∗(k f ) = T −1
ξη

[
ξ̄ T η̃∗

s (k f )
T η̄T

u η̄T
c

]T

Proof: This follows from arguments similar to those in the proof of
Theorem 1 because the cost without preactuation [Eq. (37)] has the
same quadratic form as in Theorem 1 [Eq. (32)]. �

Remark 7: Given the initial state x(ki ) = x (as in the preceding
Lemma 4), the optimal input, which ensures that the output reaches
the final value y(k f ) = ȳ at the end of output transition, can be solved
by using standard optimal control, for example, Ref. 17. This pro-
cedure does not require that the output be maintained at a constant
value outside the output-transition time interval. Therefore, this ap-
proach will not guarantee that the unstable internal state [ηu(k f )] and
the center internal state [ηc(k f )] will be at the equilibrium configu-
ration at the end of output transition (see Remark 4), and a bounded
input cannot be found to maintain the output at a constant value after
the completion of the output transition. �

V. Example Flexible-Structure Model: Simulation
Results and Discussion

In this section, the OOT approach is demonstrated using an ex-
ample flexible-structure model, which consists of two masses con-
nected by a flexible coupling (see Fig. 2). (The computer code to
generate the following simulations is available by authors upon re-
quest.) The two-mass/flexible-coupling model has been widely used
as a benchmark problem to study the control performance for flexible
structure systems (e.g., Refs. 8, 9, and 21). In contrast to modeling
the flexible coupling simply as a lumped spring and a damper ele-
ment (which results in a minimum-phase continuous-time model),
the flexible coupling in this example is modeled as a continuum rod.
The flexible rod dynamics includes the wave-propagation effect be-
tween the noncollocated input and output; as a result, the system
model exhibits nonminimum-phase behavior that is characteristic
of continuum models of flexible structures with noncollocated in-
puts and outputs (e.g., see Refs. 15 and 22).

A. System Description
We consider two masses linked by a flexible rod, as shown in

Fig. 2. The input u(t) is the force applied to the mass m2 on the left
side of the rod, and the output is the displacement of the mass m1

on the right side of the rod. The goal is to change the output (the
position of the mass m1) by one unit length with minimum energy
effort. The dynamics of the system, modeled as a simplified two-
node axial rod (using finite element method, e.g., see Ref. 23), can
be represented by

{[Ml ] + [Mr ]}Ẍ(t) + [Cr ]Ẋ(t) + [K r ]X(t) =
[

0

1

]
u(t) (40)

[Ml ] :=
[

m1 0

0 m2

]
, [Mr ] := mr

[
2 1

1 2

]

[K r ] := kr

[
1 −1

−1 1

]
and [Cr ] := cr

[
1 −1

−1 1

]

Fig. 2 Two masses connected by a flexible coupling: The flexible
coupling is modeled as a continuum rod.

where the vector X(t) := [x1(t) x2(t)]T is the position vector of
the two lumped masses attached at both ends of the rod and the
matrix [Ml ] is the diagonal mass-matrix term associated with the
endpoint masses m1 and m2. The matrix [Mr ] is the mass-matrix
term representing the distributed mass of the rod, the matrix [K r ] is
the stiffness matrix, and the matrix [Cr ] is the structural damping
matrix. The parameter mr represents the mass-matrix coefficient
of the rod, that is, mr = (ρr Ar lr )/6, where ρr , Ar , and lr represent
density, cross-sectional area, and length of the flexible rod, respec-
tively. The parameter kr represents the stiffness coefficient of the
flexible rod (kr = Ar Er/lr , where Er is the elasticity modulus of
the rod). The damping constant cr is proportional to the stiffness
kr , that is, cr = αr kr , where αr is the damping factor of the flexible
rod. In the simulations, the system parameters were chosen to be
m1 = m2 = 10 kg, mr = 1 kg, kr = 1.4 N/m, and αr = 2.8 s, which
corresponding to the natural frequency ωn = 0.5 rad/s and the damp-
ing coefficient ζ = 0.707(≈1/

√
2) of the flexible mode.

Nonminimum phase nature of the example: We note that the non-
minimum phase nature of the model can be attributed to the off-
diagonal terms in the mass matrix [Mr ] (associated with the flexible
rod) in Eq. (40); setting the off-diagonal terms in the mass matrix
[Mr ] to zero results in a minimum-phase model. A mass matrix
that captures the nondiagonal terms of the mass matrix is referred
to as a consistent mass matrix (as opposed to the diagonal mass
matrix obtained for the two-mass/spring/damper model); such con-
sistent models of flexible structures with noncollocated sensors and
actuators capture the nonminimum-phase nature of the dynamics.22

B. State-Space Model
The state of the system is defined as x = [x1 x2 x3 x4]T , where

x3 and x4 represent the velocities of masses m1 and m2, respectively.

1. Continuous-Time State-Space Equations
The system in Eq. (40) can be represented in a state-space form

as

ẋ(t) =


 0 0 1 0

0 0 0 1
−{[MT ]−1[Kr ]} −{[MT ]−1[Cr ]}


 x(t)

+




0

0

[MT ]−1

[
0

1

]

 u(t)

=




0 0 1 0

0 0 0 1

−0.1273 0.1273 −0.3564 0.3564

0.1273 −0.1273 0.3564 −0.3564


 x(t)

+




0

0

−0.0070

0.0839


 u(t)

y(t) = [1 0 0 0]x(t) (41)

where [MT ] = [Ml ] + [Mr ]. The continuous-time model has two
zeros at −0.3295 and 4.2495 and is nonminimum phase.

2. Sampled-Data Discrete-Time Model
The equivalent discrete-time model obtained using ZOH dis-

cretization with a sampling period of 0.01 s can expressed as

x(k + 1) = Ax(k) + Bu(k)

y(k) = Cx(k) = [1 0 0 0]x(k) (42)
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where

A =




1 0 0.0100 0

0 1 0 0.0100

−0.0013 0.0013 0.9964 0.0036

0.0013 −0.0013 0.0036 0.9964




B =




−0.0034

0.0419

−0.6831

8.3754


 × 10−4

The discrete-time system [Eq. (42)] has three zeros and four states;
therefore, the delay order is r = 1. The discretized model [Eq. (42)]
is nonminimum phase [as is the continuous-time model in Eq. (41)];
however, the discretized model exhibits an additional zero as a result
of the sampling process.24

C. Comparison of SST and OOT Approaches
During the simulations, the goal is to move the output (i.e., the

displacement of the mass m1 on the right side of the rod) from an
initial value y = 0 to a final value ȳ = 1; the equilibrium rigid-body
configurations for the output transitions were chosen to be

x = [0 0 0 0]T and x̄ = [1 1 0 0]T (43)

the output transition started at time ti = 10 s and was completed at
time t f = 20 s (i.e., the length of the output-transition time interval
was 10 s).

1. SST Solution
The standard optimal control can be obtained from Eq. (7) as (see

Figs. 3 and 4)

u∗
sst(k) = BT (AT )k f − k − 1G−1

ki ,k f
[x̄ − x], ki ≤ k < k f

= 0, otherwise (44)

where the controllability grammian is

Gki ,k f =




45.4173 48.7412 7.4544 5.9133

48.7412 54.3389 8.8793 7.3388

7.4544 8.8793 1.6357 1.3344

5.9133 7.3388 1.3344 1.6126


 × 10−4

a) c)

b) d)

Fig. 3 Comparison of input and output trajectories for the two-
mass/flexible-rod system. Figures a) and c) compare the result between
using the standard state-transition approach (usst, ysst) with the optimal
output-transition approach (uoot, yoot). Figures b) and d) show the dif-
ferences in the input and output (uoot −− ũoot, yoot −− ỹoot) when using the
optimal output transition with and without preactuation.

Fig. 4 Comparison of state trajectories for two-mass/flexible-rod sys-
tem: - - - -, SST and ——, OOT.

the initial transition time step ki = 1000 (i.e., ti = 10 s) and the final
transition time step k f = 2000 (i.e., t f = 20 s). The standard optimal
cost obtained from Eq. (10) is

J ∗
sst = 12,214.41 (45)

2. OOT Solution
System equations in output-tracking form. The system equations

[Eq. (42)] were rewritten in the output-tracking form with decoupled
internal dynamics by using the following transformation:

Tξη =




1 0 0 0

0 0.9771 −2.7593 −0.2299

0 0.0001 −12.0380 0.0002

0 −0.3141 −11.4372 −0.9533




and the control law from Eq. (19) has the form uinv(k) = Usηs(k) +
Uuηu(k) + UyYd(k), where Us = [1.34 −2356.87], Uu = −54.9332,
Uy = [2.9048 −2.9048] × 106, and Yd(k) = [yd(k) yd(k + 1)]T .
Then the system in the output-tracking coordinates is given by
[similar to Eqs. (16) and (18)]

ξ(k + 1) = yd(k + 1)

[
ηs(k + 1)

ηu(k + 1)

]
=

[0.9967 0 0

0 −0.9847 0
0 0 1.0434

][
ηs(k)

ηu(k)

]

+


 0 0

2.3891 −2.3891
−0.0535 0.0535


 × 103

Yd(k)

Cost for optimal output transition. Solving the discrete
Lyapunov equations (23) and (27) yields

Wpre = 34018.96 and Wpost =
[

272.58 −1591.46

−1591.46 182671780.33

]

From Theorem 1, the optimal boundary condition � can be obtained
as [see Eq. (33)]

�∗ =
[
η∗

s

η∗
u

]
= �−1b =


 0.74382

0.00004

−0.06442



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and the corresponding optimal boundary transition states are [see
Eq. (35)]

x∗(ki ) = [0 0.0148 8.58e−7 0.0627]T

x∗(k f ) = [1 0.7784 9.91e−7 0.0730]T

Optimal output-transition control. The optimal control can be
found from Eq. (34) as (see Figs. 3 and 4)

u∗
oot(k) =




−54.9332 · (1.0434)k − ki
[
η∗

u − ηu

]
if k < ki

BT (AT )k f − k − 1G−1
ki ,k f

[
x∗(k f ) − Ak f − ki x∗(ki )

]
if ki ≤ k < ki

[1.34 − 2356.87]

[
0.9967 0

0 −0.9847

]k − k f [
η∗

s − ηs

]
if k ≥ k f (46)

The total cost for optimal input is found from Eq. (32) as

J ∗
oot = 877.23 (47)

3. Comparison of SST and OOT Costs
In general, the OOT cost is expected to be less than or equal to the

SST cost when the output-transition time interval (i.e., time during
which the output is changing) is the same for both approaches (see
Remark 6). Specifically, the simulation results show that the cost
required to achieve the output transition (moving the mass m1 to the
right by 1 m) using the OOT approach is J ∗

oot = 877.23, whereas the
cost with the SST approach was J ∗

sst = 12214.41. This represents
a substantial cost reduction of 93% by using the proposed OOT
approach when compared to the SST approach. Although the time
during which the output is changing is the same for both SST and
OOT approaches, the state is not required to remain constant outside
the output-transition time interval with the OOT method. For exam-
ple, as shown in Fig. 4 the configuration of mass m2 (i.e., state x2)
does not reach the equilibrium value at the end of output transition;
however, the system (and the state x2) is eventually driven to the
final equilibrium state x̄ by the inversion-based postactuation input
while keeping the output (position of mass m1) constant in order
to satisfy the output-transition condition [Eq. (3)]. Thus, the OOT
approach uses pre- and postactuation to reduce the input energy
needed for output transition when compared to the SST approach;
however, the time available for useful operation is the same as the
SST approach because the output is maintained constant outside of
the output-transition time interval.

D. Optimal Output Transition Without Preactuation
The proposed approach uses pre- and postactuation to achieve

the minimum-energy output transition. If preactuation input is not
allowed (e.g., when immediate output transition is desired), then the
energy for output transition can be reduced by using postactuation
alone (without preactuation).

1. OOT with and Without Preactuation
When preactuation is not allowed, the optimal output-transition

input is given by [see Eq. (39)]

ũ∗
oot(k) =




0 if k < ki

BT (AT )k f − k − 1G−1
ki ,k f

[
x∗(k f ) − x

]
if ki ≤ k < ki

[1.34 − 2356.87]

[
0.9967 0

0 −0.9847

]k − k f [
η̃∗

s (k f ) − ηs

]
if k ≥ k f

(48)

where the optimal stable component η̃∗
s (k f ) of the internal dynamics

is [from Eq. (38)],

η̃∗
s (k f ) = �̃−1b̃ =

[
0.72967

0.00004

]

and the optimal final boundary condition on the state is x̃∗(k f ) =
[1 0.7650 1.12e−6 0.0774]T . The total cost for optimal output
control without preactuation [Eq. (37)] is equal to

J̃ ∗
oot = 1055.04 (49)

Even without preactuation, the cost J̃ ∗
oot = 1055.04 with the pro-

posed optimal output-transition approach is substantially smaller
than the output-transition cost J ∗

sst = 12214.41 with the SST ap-
proach. In fact, it is always true that the optimal cost of the OOT
without preactuation cannot be greater than the SST cost, by similar
argument as described in Remark 6.

2. Effect of Preactuation Input in Systems
with Minimum-Phase Dynamics

The preactuation input is affected by the nonminimum-phase ze-
ros of the system; in discrete-time models such nonminimum-phase
zeros can arise from the discretization process.24 In such cases
with fast sampling, the use of OOT inputs without preactuation
cannot significantly change the cost when compared to the case
with the use of the preactuation. For example, consider the flex-
ible system [Eq. (40)] when the mass-matrix coefficient of the
rod mr [in Eq. (40)] is equal to zero; the resulting continuous-
time system is minimum phase. In fact, it is equivalent to the
benchmark two-mass/spring/damper system,8,9 where the coeffi-
cients kr and cr can be regarded as the effective spring con-
stant and effective damping constant, respectively. However, the
sampled-data discrete-time model of this two-mass/spring/damper
model is nonminimum-phase caused by the discretization process
(see Ref. 24).

Comparison of SST and OOT results. The SST input [Eq. (7)]
for this minimum-phase two-mass/spring/damper model [obtained
by setting the mass-matrix parameter mr = 0 in Eq. (40)] is given
by (see Fig. 5)

u∗
sst(k) = B̄T ( ĀT )k f − k − 1Ḡ−1

ki ,k f
[x̄ − x], ki ≤ k < k f

= 0, otherwise (50)

and the OOT input using both pre- and postactuation is (see
Fig. 5)
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u∗
oot(k) =




4733.3993 · (−3.7281)k − ki · (−9.3239 × 10−4) if k < ki

B̄T ( ĀT )k f − k − 1Ḡ−1
ki ,k f

[0.9953 0.8038 −0.0005 0.0670]T if ki ≤ k < ki

[1.1991 −1266.2237]

[
0.9964 0

0 −0.2677

]k − k f
[−0.2034

−0.0009

]
if k ≥ k f (51)

where the matrices Ā, B̄, and Ḡki ,k f are given by

Ā =




1 0 0.01 0

0 1 0 0.01

−0.0014 0.0014 0.9961 0.0039

0.0014 −0.0014 0.0039 0.9961




B̄ =




0.0000

0.0050

0.0020

0.9980


 × 10−4

and

Ḡki ,k f =




0.0078 0.0083 0.0013 0.0011

0.0083 0.0089 0.0014 0.0012

0.0013 0.0014 0.0003 0.0002

0.0011 0.0012 0.0002 0.0003




If preactuation is not allowed, then the OOT input without the pre-
actuation, for the two-mass/spring/damper model, is given by

ũ∗
oot(k) =




0 if k < ki

B̄T ( ĀT )k f − k − 1Ḡ−1
ki ,k f

[1.0000 0.8083 0.0000 0.0675]T if ki ≤ k < ki

[1.1991 −1266.2237]

[
0.9964 0

0 −0.2677

]k − k f
[−0.2036

−0.0009

]
if k ≥ k f (52)

The cost of using the OOT input without the preactuation is
J̃ ∗

oot = 661.31, which is similar to the OOT input cost J ∗
oot = 659.79

a) c)

b) d)

Fig. 5 Comparison of input and output trajectories when setting
the mass of flexible rod mr = 0 (which is equivalent to a two-
mass/spring/damper system). Figures a) and c) compare the input and
output (usst, ysst) from the standard state-transition approach with those
from the optimal output-transition approach (uoot, yoot). Figures b) and
d) show the differences in the input and output (uoot −− ũoot, yoot −− ỹoot)
when using optimal output transition with and without preactuation.

with both pre- and postactuation. However, both OOT-input costs
(with and without preactuation) are still substantially smaller than
the SST input cost Jsst = 6458.29. [It is noted that the difference
between the optimal output trajectory with preactuation input yoot

and without preactuation ỹoot is also relatively small (see Fig. 5).]
In contrast, if the continuous-time system is nonminimum phase
[Eq. (40)], then preactuation can significantly reduce the cost of out-
put transition when compared to the case without the preactuation.
For example, in the flexible-rod coupling case the output-transition
cost J̃ ∗

oot = 1055.04 [Eq. (49)] without preactuation was substan-
tially higher when compared to the cost J ∗

oot = 877.23 [Eq. (47)] with
preactuation. Thus, the preactuation input plays a significant role in
reducing the output-transition cost with the proposed OOT approach
when the continuous-time dynamics is nonminimum phase.

E. Effect of Varying the Output-Transition Time Interval
The proposed approach can be used to investigate the fastest

achievable output-transition time for a given limit on the input en-
ergy. For the flexible-rod example, the input energy is plotted against
the output-transition time (with the OOT and SST approaches) in
Fig. 6. Additionally, the variation in the maximum input magnitude
(maxk |u(k)|), when the output-transition time interval (t f − ti ) is

varied, is also shown in Fig. 6. As shown in the Fig. 6, the input
energy (for both SST and OOT approaches) increases as the output-
transition time decreases. The simulation results show that, for a
given output-transition time, the cost for OOT input is an order of

Fig. 6 Comparison of the optimal cost and maximum input mag-
nitude between SST and OOT when the output-transition time in-
terval (kf −− ki) is varied for the two-mass/flexible-rod example where
max ||usst|| = maxk||usst(k)|| and max||uoot|| = maxk||uoot(k)||.
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Table 1 Effect of the damping ratio on the output-transition costs for the flexible structure example

ζ αr Jsst Joot %�J Jpre
Jpre

Joot
, % Jpost

Jpost

Joot
, % J̃oot %�Jũoot

0.01 0.04 6,068.96 681.98 88.76 298.83 43.82 292.92 42.95 1,820.66 70.00
0.1 0.4 6,201.04 690.91 88.86 305.27 44.18 248.24 35.93 1,506.45 75.71
0.2 0.8 6,598.76 715.90 89.15 282.46 39.46 180.15 25.16 1,287.92 80.48
0.3 1.2 7,253.69 751.04 89.65 247.01 32.89 117.20 15.60 1,167.92 83.90
0.4 1.6 8,155.28 789.06 90.32 212.40 26.92 71.44 9.05 1,107.35 86.42
0.5 2.0 9,291.07 824.32 91.13 183.31 22.24 42.31 5.13 1,078.07 88.40
0.6 2.4 10,648.18 853.93 91.98 159.93 18.73 24.94 2.92 1,063.48 90.01
0.707 2.8 12,214.41 877.23 92.82 141.19 16.09 14.85 1.69 1,055.04 91.36
0.8 3.2 13,979.00 894.79 93.60 125.99 14.08 9.00 1.01 1,048.78 92.50
0.9 3.6 15,932.88 907.53 94.30 113.46 12.50 5.57 0.61 1,043.02 93.45
1.0 4.0 18,068.70 916.46 94.93 102.98 11.24 3.53 0.39 1,037.18 94.26

magnitude lower than the cost for SST input as shown in Fig. 6;
this is expected (see Remark 6). This implies that the OOT ap-
proach can achieve faster output transition than the SST approach
with the same amount of input energy. For example, in the nominal
flexible-rod system the cost required for 10-s output-transition time
is J ∗

sst = 12214.41 when using the SST approach; however, with the
same amount of input energy the output transition using OOT ap-
proach can be done within 5.38 s. Additionally, the maximum input
magnitude of the OOT input is also less than that of the SST input.
In particular, with a 10-s output-transition time, the maximum in-
put magnitude of the SST input is 8.85; the output transition using
OOT approach could be achieved in 6.91 s with the same magnitude
of maximum input. Thus, the proposed approach tends to achieve
significantly faster output transitions when compared to the SST
approach.

F. Effects of Damping-Ratio Variation
Changes in the system damping affect the decay rate of residual

vibrations after the end of an output transition. For example, vibra-
tions tend to decay faster as the damping is increased; thus, it might
be possible that the proposed use of postactuation might not lead
to significant cost savings for highly damped systems. Therefore,
we investigated the effect of damping on the output-transition cost.
In particular, we computed the SST and OOT inputs and compara-
tively evaluated the input costs for different values of the system’s
damping ratio of the flexible mode (without changing the natural
frequency). Table 1 tabulates the SST cost Jsst [Eq. (10)], the OOT
cost Joot [Eq. (36)], the percentage reduction of cost

%�J := (Jsst − Joot)/Jsst × 100 (53)

the preactuation cost Jpre [Eq. (21)], and the postactuation cost Jpost

[Eq. (25)] for different values of damping ratio of the flexible mode
(achieved by changing the damping factor αr ). Additionally, to com-
pare the relative importance of pre- and postactuation the table pro-
vides the percentage ratios of the preactuation cost and postactua-
tion cost to the total output-transition cost Joot [Eq. (36)]. Lastly, the
OOT cost without preactuation J̃oot [Eq. (37)], and the percentage
reduction of cost when using the OOT input without the preactuation

%�Jũoot := (Jsst − J̃oot)/Jsst × 100 (54)

at different values of the damping ratios are also presented in Table 1.
The simulation results show that the cost savings (because of the

use of pre- and postactuation in the OOT input) increases as
the damping ratio increases. When the damping ratio is increased,
the SST cost Jsst increases while the OOT cost Joot decreases, as
shown in Table 1. Thus, an increase in damping ratio still leads to
substantial reduction in the output-transition costs with the use of
the OOT input when compared to the results of using the SST input.

We note that the pre- and postactuation inputs, given in Eqs. (20)
and (24), depend on the internal dynamics [Eq. (18)] of the original
system, which is influenced by the system’s zeros as described in
Sec. IV.A.2. In the flexible-rod system, the continuous-time zero
tends to move away from the imaginary axis (for underdamped sys-
tems); therefore, the corresponding discrete-time zero tends to move

towards the origin. Consequently, the postactuation input [Eq. (24)]
decays faster as the damping is increased because the internal dy-
namics [Eq. (18)], which depend on the system’s zeros, decays faster
when the zeros are further away from the unit circle (i.e., are closer
to the origin). Faster decay of the the postactuation input implies
that the cost of postactuation decreases as the damping is increased
(see column 8 in Table 1); nevertheless, the postactuation still leads
to a substantial reduction in the overall cost when compared to the
SST case, which does not use postactuation (compare columns 3
and 4 in Table 1).

G. Sensitivity of the Optimal Control to the Modeling Uncertainties
1. Effect of Parametric Uncertainties

Information about the system model is used to compute the opti-
mal transition controls (both SST and OOT); therefore, parametric
uncertainties in the model can affect the performance of the proposed
control strategies. We studied the effect of parametric uncertainties
by applying the the nominal SST input [Eq. (44)] and nominal OOT
input [Eq. (46)] to perturbed models of the system and then evalu-
ating the effect of the perturbations on the performance. It is noted
that robustness of control laws for flexible structure applications has
been studied in the past by varying the damping ratio and natural
frequency of the flexible vibrational modes (e.g., Refs. 3, 8, and 16).
Following this approach, the flexible structure model was perturbed
by varying the stiffness coefficient kr and by varying the damping
factor αr . The performance of the nominal SST and OOT inputs
(when applied to the perturbed models) was measured by comput-
ing the maximum percentage error in the position during pre- and
postactuation, that is, the error in the output outside of the output-
transition time interval as a percentage of the change in the desired
output value (ȳ − y),

%ey := max
k ≤ ki and k ≥ k f

∣∣∣∣ y(k) − ynom(k)

ȳ − y
× 100

∣∣∣∣ (55)

where ynom(k) is the nominal output trajectory. Simulation results
are provided when the nominal SST input [Eq. (44)] and the nominal
OOT input [Eq. (46)] were applied to the system for the following
cases: 1) stiffness coefficient kr , was varied from 0 to ±20% of the
nominal value of 1.4 N/m (Fig. 7a); and 2) the damping factor αr ,
was varied from 0 to ±20% of the nominal value 2.8 s (Fig. 7b). The
effect of variations in the stiffness coefficient kr and the damping
factor αr to the changes in natural frequency ωn and the damp-
ing ratio ζ of the flexible mode are presented in Figs. 7c and 7d,
respectively.

As shown in Fig. 7, the tracking error %ey of the OOT input to
the parametric uncertainties is less than 4% when the stiffness co-
efficient kr is varied by ±20% of its original value, and the tracking
error was also less than 4% when the damping factor αr is varied by
±20% of its original value. Thus the tracking error with the OOT
input remained less than 4% when the parameters varied by 20%—
this is similar to the tracking errors obtained when the SST input
was applied to the perturbed system as seen in Fig. 7.
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a) Stiffness coefficient kr (N/m)

b) Damping factor αr

c) Stiffness coefficient kr (N/m)

d) Damping factor αr

Fig. 7 Percentage of maximum difference between the output trajectory and the nominal output trajectory outside the transition time interval %ey
when a) the stiffness coefficient kr is varied and b) the damping factor αr is varied, and the effects to the natural frequency ωn and the damping ratio
ζ of the flexible mode when c) kr is varied while αr is fixed at the nominal value and d) αr is varied while kr is fixed at the nominal value.

Table 2 Output error [%ey defined in Eq. (55)] found using
simulations when the number of elements in the FEM model

was changed from one to six

No. of elements %ey with SST input %ey with OOT input

(Nominal) 1 0 0
2 0.0710 0.0457
3 0.0645 0.0607
4 0.0610 0.0665
5 0.0592 0.0692
6 0.0592 0.0707

2. Effect of Nonparametric Uncertainties
When designing controllers for flexible structures, high-

frequency vibrational modes are often neglected in order to obtain a
simplified model. For example, the flexible rod used in this simula-
tion has infinite vibrational modes. However, it was modeled using
a simplified one-element finite element model (FEM) [Eq. (40)],
which approximately captures the first flexible (vibrational) mode of
the rod. Therefore, nonparametric uncertainties (such as the effect of
unmodeled vibrational dynamics) can affect the performance of the
proposed control strategies. We studied the effect of nonparametric
uncertainties by applying the the nominal SST input [Eq. (44)] and
the nominal OOT input [Eq. (46)] to perturbed models of the sys-
tem. Perturbed models were obtained by increasing the number of
FEM elements used for modeling the flexible rod. The performance
of the nominal SST and OOT inputs (when applied to the perturbed
models) was measured by computing the maximum percentage er-
ror in the position during pre- and postactuation %ey as defined in
Eq. (55). Table 2 shows the effects of nonparametric uncertainties
found using simulations when the number of elements in the FEM
model was changed from one to six. As shown in Table 2, the track-
ing error remains negligible for this example (less than 0.1%) as the
number of FEM elements is increased from one to six.

3. Use of Feedback with the Proposed OOT Approach
In all of these simulations, the SST and OOT inputs were applied

as the open-loop feedforward input to the perturbed system with-
out feedback. The performance of the OOT input (in the presence

Fig. 8 Block diagram of a feedforward/feedback implementation
scheme. The optimal output-transition input uoot can be computed
offline and applied to the system as a feedforward input uff = uoot.

of parametric and nonparametric uncertainties) can be further im-
proved with the use of robust feedback control techniques; as shown
in Fig. 8, the OOT input can be used as a feedforward input along
with a feedback controller. Moreover, the effect of nonparametric
uncertainties in the flexible structure can be mitigated by the use of
spillover control techniques (for example, see Ref. 25). The use of
feedforward inputs (such as the OOT input computed using the nom-
inal plant) can improve the tracking performance when compared to
the use of feedback alone even in the presence of plant uncertainties.
(The size of acceptable uncertainties has been quantified in Ref. 26.)

In summary, the simulation results show that the proposed ap-
proach performs well (in comparison to more established techniques
such as the state-transition-based approach) in the presence of un-
certainties (even without the use of feedback)—and does so with a
lower cost for the transition.

VI. Conclusions
The optimal rest-to-rest output-transition problem was solved in

this paper, for linear time-invariant discrete-time systems. The nov-
elty of the proposed approach is that inputs are not applied just
during the output-transition time interval; rather, inputs are also ap-
plied before and after the end of the output-transition time interval.
(These inputs are called pre- and postactuation, respectively.) It was
shown that this approach of using pre- and postactuation inputs can
substantially reduce the overall cost of the output-transition when
compared to current approaches, such as the standard state-transition
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(SST) approach, which does not use pre- and postactuation. The
implications of using (or not using) pre- and postactuation were
investigated using a discrete-time flexible-structure model consist-
ing of a flexible rod connecting two masses. The simulation results
showed that the proposed approach reduces the output-transition
cost by 93%. Thus, the proposed use of pre- and postactuation led
to substantial reduction in output-transition cost when compared to
the SST approach. This concept of using pre- and postactuation to
reduce the transition cost is general and can be extended to nonlinear
systems and can be applied with other optimization criteria.

Appendix: Proof of Lemma 2
It is assumed that the original system [Eq. (1)] is already trans-

formed into the output-tracking form by using the inversion-based
control law [Eq. (13)] and the coordinate transformation Tξη, given
in Eq. (14).

Because the output along the pretransition interval (k ≤ ki − r )
is constant [see Eq. (3)], i.e., y(k) = y, the output-sequence vector
Yd(k), defined in Sec. IV.A.2, becomes

Yd(k) = Y := [y y . . . y] ∀k ∈ (−∞, ki − r ] (A1)

As described in Sec. IV.A.1, the inversion-based control yields the
exact output tracking with r -step time delay. Therefore, the output
obtained by applying the inverse control law [Eq. (19)] satisfies
the output-transition condition [Eq. (3)] during the pretransition,
that is, y(k) = y, ∀k ≤ ki − r . Next, we consider the output-tracking
coordinates (ξ andη) corresponding to the initial delimiting state (x),




ξ

η
s

η
u

η
c


 := Tξηx

where the transformation Tξη is given in Eq. (14). The internal dy-
namics [Eq. (18)] evaluated at the equilibrium state x is then ex-
pressed as




η
s

η
u

η
c


 =


As 0 0

0 Au 0

0 0 Ac







η
s

η
u

η
c


 +


Bs

Bu

Bc


Y (A2)

To simplify the derivation, the coordinates of the internal dynamics
are shifted as η̂(k) = η(k) − η by subtracting the internal dynamics
[Eq. (18)] from Eq. (A2) and using the equality (A1). Thus the
modified internal dynamics can be written as


η̂s(k + 1)

η̂u(k + 1)

η̂c(k + 1)


 =


As 0 0

0 Au 0

0 0 Ac





η̂s(k)

η̂u(k)

η̂c(k)


 (A3)

Furthermore, because the internal dynamics [Eq. (A3)] can be sin-
gular, it can be assumed without loss of generality that the stable
internal dynamics η̂s is decoupled into singular η̂ss and nonsingular
η̂sns stable subspaces, that is,

As :=
[

Ass 0

0 Asns

]
and η̂s :=

[
η̂ss

η̂sns

]

where all of the eigenvalues of Ass are at the origin.
For a given initial transition state x(ki − r + 1), the solution to

the internal dynamics [Eq. (A3)] at time step k can be expressed as

η̂sns(k) = A−(ki − k − r + 1)
sns

η̂sns(ki − r + 1)

η̂u(k) = A−(ki − k − r + 1)
u η̂u(ki − r + 1) ∀k ∈ (−∞, ki − r ]

η̂c(k) = A−(ki − k − r + 1)
c η̂c(ki − r + 1) (A4)

The delimiting condition (4) requires that, as time tends to −∞
(k → −∞), the state should approach the initial equilibrium state,
that is, x(k) → x [η̂(k) → 0]. We enforce this condition by taking
limits on both sides of Eq. (A4) and setting them to zero as follows:

0 = lim
k → −∞

η̂sns(k) = lim
k → −∞

A−(ki − k − r + 1)
sns

η̂sns(ki − r + 1)

0 = lim
k → −∞

η̂u(k) = lim
k → −∞

A−(ki − k − r + 1)
u η̂u(ki − r + 1)

0 = lim
k → −∞

η̂c(k) = lim
k → −∞

A−(ki − k − r + 1)
c η̂c(ki − r + 1) (A5)

Because the eigenvalues of A−1
sns

and A−1
c are not inside the unit

circle, therefore, the delimiting condition [Eq. (4)] is satisfied if and
only if

η̂sns(ki − r + 1) = 0, η̂c(ki − r + 1) = 0 (A6)

Next we consider the singular stable internal dynamics η̂ss evaluated
at time step ki − r + 1,

η̂ss (ki − r + 1) = Ass η̂ss (ki − r), ∀k ∈ (−∞, ki − r ]

= A
nss
ss η̂ss

(
ki − r − nss + 1

)
(A7)

where nss is the number of eigenvalues of Ass . Because all of the
eigenvalues of Ass are equal to zero, A

nss
ss = 0. Therefore,

η̂ss (ki − r + 1) = A
nss
ss η̂ss

(
ki − r − nss + 1

) = 0 (A8)

This equation and the results from Eq. (A6) also imply that

η̂s(k) = 0, that is, ηs(k) = η
s

and

η̂c(k) = 0, that is, ηc(k) = η
c

∀k ∈ (−∞, ki − r ]
(A9)

Therefore, the only freedom in the state at the initiation of output
transition x(ki − r + 1) is in the choice of the unstable internal-state
component ηu(ki − r + 1).

Preactuation Input and Cost
Note that at the equilibrium point x , Ax = x , so that C Ar x =

Cx = y.
Therefore, the inverse control input [Eq. (13)] evaluated at the

equilibrium point x is

uinv(k)|x(k) = x = uinv := (1/C Ar − 1 B)[y − C Ar x] = 0

The inverse control input expressed in terms of internal states
[Eq. (19)] at the equilibrium point is then written as

uinv = 0 = Usηs
+ Uuηu

+ Ucηc
+ UyY (A10)

Similarly, the inverse control input represented in term of new in-
ternal coordinate η̂(k) can be obtained by subtracting the inverse
control law [Eq. (19)] from Eq. (A10),

uinv(k) = Us[ηs(k) − η
s
] + Uu[ηu(k) − η

u
] + Uc[ηc(k) − η

c
]

= Us η̂s(k) + Uu η̂u(k) + Ucη̂c(k) [using Eq. (A9)]

= Uu η̂u(k) ∀k ∈ (−∞, ki − r ] (A11)

Therefore, the pretransition control sequence, which satisfies the
output-transition condition [Eq. (3)] and the delimiting condition
[Eq. (4)], only depends on the unstable component of internal dy-
namicsηu . The preactuation inverse control can be rewritten as [from
Eq. (A4)]

upre(k) = Uu A−(ki − k − r + 1)
u η̂u(ki − r + 1)

= Uu A−(ki − k − r + 1)
u [ηu(ki − r + 1) − η

u
]
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and the pretransition cost can be computed as

Jpre =
ki − r∑

k = −∞
[upre(k)]2

=
ki − r∑

k = −∞

{
Uu A−(ki − k − r + 1)

u [ηu(ki − r + 1) − η
u
]
}T

× {
Uu A−(ki − k − r + 1)

u [ηu(ki − r + 1) − η
u
]
}

= [ηu(ki − r + 1) − η
u
]T

[
ki − r∑

k = −∞

(
AT

u

)−(ki − k − r + 1)

× U T
u Uu A−(ki − k − r + 1)

u

]
[ηu(ki − r + 1) − η

u
]

By defining the summation index k̄ = ki − k − r , we can rewrite the
pretransition cost as

Jpre = [ηu(ki − r + 1) − η
u
]T

[
∞∑

k̄ = 0

(
AT

u

)−(k̄ + 1)
U T

u Uu A−(k̄ + 1)
u

]

× [ηu(ki − r + 1) − η
u
]

= [ηu(ki − r + 1) − η
u
]T Wpre[ηu(ki − r + 1) − η

u
]

Furthermore, the matrix Wpre can be obtained as a solution to the
discrete-time algebraic Lyapunov equation (23) (see Ref. 27). �

Acknowledgment
Financial support from NASA Ames Research Center Grant NAG

2-1450 is gratefully acknowledged.

References
1Farrenkopf, R., “Optimal Open-Loop Maneuver Profiles for Flexible

Spacecraft,” Journal of Guidance, Control, and Dynamics, Vol. 2, No. 6,
1979, pp. 491–498.

2Singh, G., Kabamba, P., and McClamroch, N., “Planar, Time-
Optimal, Rest-to-Rest Slewing Maneuvers of Flexible Spacecraft,” Jour-
nal of Guidance, Control, and Dynamics, Vol. 12, No. 1, 1989,
pp. 71–81.

3Wie, B., Sinha, R., and Liu, Q., “Robust Time-Optimal Control of Un-
certain Flexible Spacecraft,” Journal of Guidance, Control, and Dynamics,
Vol. 15, No. 3, 1992, pp. 597–604.

4De Luca, A., and Di Giovanni, G., “Rest-to-Rest Motion of a One-Link
Flexible Arm,” 2001 IEEE/ASME International Conference on Advanced
Intelligent Mechatronics Proceedings, Vol. 2, IEEE Press, Piscataway, NJ,
2001, pp. 923–928.

5Miu, D., and Bhat, S., “Minimum Power and Minimum Jerk Position
Control and Its Applications in Computer Disk Drives,” IEEE Transactions

on Magnetics, Vol. 27, No. 6, 1991, pp. 4471–4475.
6Ho, H., “Fast Servo Bang-Bang Seek Control,” IEEE Transactions on

Magnetics, Vol. 33, No. 6, 1997, pp. 4522–4527.
7Croft, D., and Devasia, S., “Vibration Compensation for High Speed

Scanning Tunneling Microscopy,” Review of Scientific Instruments, Vol. 70,
No. 12, 1999, pp. 4600–4605.

8Hindle, T., and Singh, T., “Robust Minimum Power/Jerk Control of
Maneuvering Structures,” Journal of Guidance, Control, and Dynamics,
Vol. 24, No. 4, 2001, pp. 816–826.

9Singh, T., “Fuel/Time Optimal Control of the Benchmark Problem,”
Journal of Guidance, Control, and Dynamics, Vol. 18, No. 6, 1995,
pp. 1225–1231.

10Meckl, P., and Seering, W., “Minimizing Residual Vibration for Point-
to-Point Motion,” Journal of Vibration, Acoustics, Stress, and Reliability in
Design, Vol. 107, No. 4, 1985, pp. 378–382.

11Piazzi, A., and Visioli, A., “Minimum-Time System-Inversion-Based
Motion Planning for Residual Vibration Reduction,” IEEE/ASME Transac-
tions on Mechatronics, Vol. 5, No. 1, 2000, pp. 12–22.

12Dowd, A., and Thanos, M., “Vector Motion Processing Using Spectral
Windows,” IEEE Control Systems Magazine, Vol. 20, No. 5, 2000, pp. 8–19.

13Perez, H., and Devasia, S., “Optimal Output-Transitions for Linear Sys-
tems,” Automatica, Vol. 39, No. 2, 2003, pp. 181–192.

14Zou, Q., and Devasia, S., “Preview-Based Stable-Inversion for Output
Tracking of Linear Systems,” Journal of Dynamics Systems, Measurement
and Control, Vol. 121, No. 4, 1999, pp. 625–630.

15Spector, V. A., and Flashner, H., “Modeling and Design Implications of
Noncollocated Control in Flexible System,” Journal of Dynamic Systems,
Measurement, and Control, Vol. 112, No. 2, 1990, pp. 186–193.

16Al-Masoud, N., Chu, S.-Y., and Singh, T., “Discrete Time Point-to-
Point Control of Flexible Structures,” Proceedings of the American Control
Conference, Vol. 4, No. 6, American Automatic Control Council, Dayton,
OH, 2000, pp. 2433–2437.

17Lewis, F. L., and Syrmos, V. L., Optimal Control, 2nd ed., Wiley,
New York, 1995, Chap. 3.

18Isidori, A., Nonlinear Control Systems, 3rd ed., Springer-Verlag,
London, 1995, Chap. 4, pp. 143, 144.

19Kotta, U., Inversion Method in the Discrete-Time Nonlinear Control
Systems Synthesis Problems, Lecture Notes in Control and Information Sci-
ences, Vol. 205, Springer-Verlag, London, 1995, Chaps. 3, 4.

20Ortega, J., Matrix Theory, Plenum, New York, 1987, p. 154.
21Wie, B., and Bernstein, D., “Benchmark Problems for Robust Control

Design,” Journal of Guidance, Control, and Dynamics, Vol. 15, No. 5, 1992,
p. 1057.

22Moulin, H., and Bayo, E., “Accuracy of Discrete Models for the Solution
of the Inverse Dynamics Problem for Flexible Arms, Feasible Trajectories,”
Journal of Dynamics Systems, Measurement, and Control, Vol. 119, No. 3,
1997, pp. 396–404.

23Bathe, K., Finite Element Procedures, Prentice–Hall, Englewood Cliffs,
NJ, 1996, Chap. 5.
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